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Let f- be an integrable function on the circle
.

Then

⑥ 11 f- Smfh → o as N→o

( Recall 1$11 :=N¥¥ifÑdx
and Safari : = É f^(n)ein×

.
)

n= -N

② Parseval identity

11£11
'

=
É / font
D= - is

•

Example -1 . Let fat = 1×1 on E- it, -111
.

By a direct calculation ,
i (2h- 1) *

fan ~ ¥-1 É?→¥Ñe
,

✗ c- EMI

Notice that Hf1P= ¥f¥1xPdx= -1143
.



Elfin)i= + É•¥nÑ
h=- is

= ¥ + ÷. É
,
i.

By Parseval identity , we have

¥-1 :-. É , it
= ¥ .

Han EE ¥. = ( %
- 1T¥ ) . ¥

= It
.

96

From this
,
we can derive a formula for
is

I £4 .

n=1

Notice that
ls

⇐ ¥ = É ¥ñ + ¥
, ¥54

= ¥ . ÷ # + ¥-1
is

⇒ Ent = ;¥ G- ¥ ) = -9¥ .

h=1



( Riemann - Lebesgue Lemma )

Corollary 2
. Let f- be integrable on the circle

.

Then
fYn , → o as In / → to .

Moreover

f- fcxscosnxdx
,
f
"

→
fcxisinnxdx

converge to 0 as 1h / → to .

Pf
. Since Élf7mi= 11£11

'

so
,n=- is

it follows that

§cn ) → o as Inti + is .

eiméinx
fcxicosnxdx - ⇐ fan 2- dx

= Ttffcnltffn ) ) → o

as Artis
,

ein - e- inf- IF fcxisinnxdx =/
"

→
fat _zi dx

=

-

F- Fan ) - F- Fen ) → 0
.

,



2. A local convergence -1hm .

-1hm 3
. Let f be integrable on the circle

.

Suppose f is differentiable at Xo
.

Then Snifcxo ) → fcxo ) as N→ is
.

(Recall' a previous result : Let f- be cts on the circle

suppose É 1£41 / < is
.

Then
n is

Snifcx ) Is fcx ) on the circle
. )

pf of -1hm 3
.

Recall that

Snifcxo ) = f- * Dm (Xo )
,
where Dµ¢i= É ein

n=-N

=s¥"¥
= ¥f

"

⇒
Fao-y) Dµ(y ) dy

,



and
f.(xo ) = ¥ f- IF fcxo)Dµ(yldy

( using ¥, ⇐ Dm (g) dy = 1)

Hence

fcxo ) - Snifcxo)=¥[ (fcxo) - fcxo-y ) ) DµCy1dy .

Now we define G : [-1-1,1-1] → KR by

gcy, = { f"Y→
)

if y*o

f-
"

(Xo ) 9=0

Then g is unifbdd on E- IT , -111 . To see this
,
notice

that Gly) → f-
'

(xo ) as y→o since f is drift at Xo

Hence I 8>0 such that

19611£ /fix.it -11 as 141<8

But for YE ETI, -1114-8,8 ) ,



ffcy ) / = /faot-yf-xo-yfe-E-fE.it
£ 2Hfg .

Thus of is uniformly bounded on ETI, -117 .

Also g is cts at almost all YEE -11
,
-111

.

Hence

eye 92 .

Notice that

ft
→ (fool - fcxo -D) Daily ) dy

= f
Tt

gon . y D.
µ ( y ) dy .

-17

Notice that

y . Dancy ) =y.si?nfN+y&lY--s#y-(sinNy.cosY-z-cosNysinY-z
)



= s÷§ • cos ¥ . sin Ny

+ ÷z • sin § . cos Ny
.

So

gcy ) . y .Dµ(y )

=gcy¥ . cos § . Sin Ny
sink

1- GG ) -

9- sink . cos My
sinI

= G
,
(g) 5in Ng t 9<19 ) cos My

where 9,41=941 . ÷§ cos ¥

g. (b) = gal . b- sink
sink

Both 9 , , 9 , are integrable .



r

By Riemann- Lebesgue lemma ,

f.
"

gislcos my + gills in Ny dx → o

-IT

as Al → to
.

Hence -

(fcxoi-fcxo-yDD.me ) dy
→ o as N→w

.

That is
,

fcxo ) - SN fcxo ) → 0 as N→ is

As


